Survey of interactions. AUGUSTIN-LOUIS CAUCHY
, the first of the three above-mentioned founders of function theory, composed his first contribution to function theory, the Mémoire sur les intégrales définies ( [15] ; 1814/1827), at the age of twenty-five and went on to publish over 200 more papers in this field. The culmination of his effort here was his famous work Mémoire sur les intégrales définies, prises entre des limites imaginaires ([16]; 1825) , in which he formulates with masterly precision the meaning of the definite integral between complex limits and presents the Cauchy Integral Theorem, as also his noted Turin papers ([17] ; 1831-1833) on the "calcul des limites", where he treats the power series expansion of an analytic function and the Cauchy Integral Formulas for the first time. In surveying this first period of time one notes above all how long it took before the essential concepts and theorems of function theory were clearly worked out. One sees, for instance, that the Cauchy Integral Theorem was already present in Cauchy's first work from the year 1814 (but only for the case of rectangles with sides parallel to the axes and at first even only in the form of two equations between real definite integrals). For the generalization of this theorem to arbitrary closed curves one must wait until the year 1846 (cf. BERNHARD RIEMANN (1826-1866), the second of the founders of function theory, was active at Göttingen a few decades later. In his renowned dissertation Grundlagen für eine allgemeine Theorie der Functionen einer verànderlichen complexen Grosse ([95] ; 1851) and in his still more famous articles on Abelian functions ([96] ; 1857), Riemann, like Cauchy from 1851 onwards, proceeds from the Cauchy-Riemann differential equations for his definition of an analytic function, f(x + iy) = u + iv. Riemann establishes that u and v are potential functions and that a conformai mapping of the x, j>-plane to the u, t>plane is effected via the analytic function ƒ. Riemann next discusses the range of the minimal conditions sufficient for the determination of such a function, by means of which he is led to the formulation of the well-known Riemann Mapping Theorem. Basic to his approach are the so-called Dirichlet Principle and the Riemann surfaces.
If one poses the question as to which mathematician most strongly influenced Riemann in the elaboration of his function theory, one surely thinks at once of C. F. Gauss (1777-1855), who already possessed the essential concepts of function theory (complex integration, the Cauchy Integral Theorem, etc.) as early as 1811 4 and was examiner for Riemann's dissertation and Habilitationsschrift. 5 Although it is often stressed that Gauss was chronically ill toward the end of his life and increasingly cut off his contacts with the outer world, 6 it nevertheless emerges from the extant sources that it was Gauss's writings that the young Riemann studied with especial zeal and from which he drew significant inspirations for his thesis. 7 For instance, we read in a letter of Riemann to his father (from Berlin, March 30, 1849; [86, letter no.
43]):
Dirichlet also arranged for my admission to the Library, without there being any of the difficulties I had feared. I usually arrived around nine in the morning at the reading room to read two papers of Gauss which were nowhere else to be gotten. Another work of Gauss, which won the prize in Copenhagen, I sought in vain in the data-books of the Royal Library for a long time, but have at last received it through Dr. Galle 8 of the Observatory. I am now at the point of studying it.
The last-named paper deals with Gauss's contribution to the theory of conformai mapping [40] . Riemann studied the work anew in Göttingen. This is the view of Cauchy, who is first and foremost among the French to have occupied himself with the theory of complex magnitudes, a view which he expressed in the session of the Paris Academy of March 31 this year on the occasion of a report on a work by Puiseux [!] and which he has pursued further in several later addresses. 15 From the above it becomes clear that Riemann was suitable, as no other German mathematician then was, to effect the first synthesis of the "French" and the "German" approaches in function theory. In his introductory lectures on general complex function theory (cf.
[101]-[103]; 1861), Riemann dealt with the Cauchy Integral Formulae, the operations on infinite series, the power series expansion, the Laurent series, the analytic continuation by power series (cf. the photo on p. 92), the argument principle, the product representation of an entire function with arbitrarily prescribed zeros, the evaluation of definite integrals by residues, etc., besides the subjects known from his published papers ([95]-[96]). 16 Riemann's efforts in this area appear to have been acknowledged even by Weierstrass, 17 and also by Koenigsberger In view of Weierstrass' early isolation and obscurity one would hardly suppose that before 1854 there were any significant interactions between him and Riemann. 23 But around 1856 the relationship between these two mathematicians became suddenly dramatic, and there began a tense competition over the general solution of Jacobi's "inversion problem". Already in the spring of 1856 Dirichlet contrasted Riemann and Weierstrass in a letter to Kummer in Berlin. Dirichlet remarks here that Riemann had developed with great speed since his time of study in Berlin, and that for several years he had occupied himself with, among other things, the general properties of functions
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The reconstruction of the origins and starting points of Riemann's function theory given above coincides in the essential parts with statements made by Riemann's pupil Prym to Klein Jacobi's inversion problem, which is settled here, has already been solved for the hyperelliptic integrals in several ways through the persistent and regally 27 successful work of Weierstrass, of which a survey has been communicated in vol. 47 of the Journ. für Math. (p. 289). Until now, however, only a part of these investigations has been fully worked out and published (vol. 52, p. 285 of the Journ. für Math.), namely the part that was outlined in § §1 and 2 of the earlier paper and in the first half of §3, pertaining to elliptic functions. Only after the full publication of the promised paper shall we be able to tell to what extent the later parts of the presentation agree with my article not only in the results but also in the methods leading to these. different foundations from mine and did not make immediately clear that it agreed completely with mine in its results. The proof for this entailed some investigations of chiefly an algebraic nature, whose execution was not altogether easy for me and made a considerable claim on my time. But after this difficulty was overcome, it seemed to me that a thoroughgoing overhaul of my paper was necessary. Other work, as well as reasons whose discussion is at present no longer of interest, then brought it about that I could only toward the end of 1869 give to the solution of the general inversion problem that form in which I have treated it from then on in my lectures.
The relationship of the two mathematicians must thus have been an extraordinary one from the very start. 29 On the personal side, they appear to have understood each other quite well. Otherwise, it would scarcely be conceivable that Wilhelm Weber (1804-1891), Riemann's supporter for many years, should have proposed that Weierstrass be invited to become ordinary professor of higher mathematics at Göttingen, when Dirichlet's chair became vacant in the spring of 1859, while at the same time Riemann was being promoted to ordinary professor of advanced theoretical astronomy and mechanics. 30 Riemann, for his part, was named corresponding member of the Berlin Academy on the basis of an extremely favorable recommendation by Weierstrass 31 and travelled to Berlin in the company of Dedekind in September of 1859 to accept the nomination. As the existing sources indicate, they were received with great warmth, including an invitation to dine with Weierstrass way if, instead of building on simple and fundamental algebraic theorems, one appeals to the "transcendental", to express myself briefly -however seductive upon first glance, for instance, those ways of thinking might be, by which Riemann has discovered so many of the most important properties of algebraic functions. (That any route must be permitted to the researcher during the period of seeking is self-evident; what is at issue here is merely the systematic foundation.)
After having put forward this my creed of faith, in which I have been confirmed especially through an exhaustive study of the theory of the analytic functions of several variables . . . In comparison with the Weierstrassian function theory, built on strictly arithmetical foundations, the Riemannian theory, still operating in part with intuition and unproven limiting procedures, was in a truly difficult position. I have denoted by the name "Dirichlet's principle" a method proving that a function is completely determined by a partial differential equation and suitable linear boundary conditions, i.e. that the problem to determine a function satisfying these conditions has one, and only one, solution. This method was applied by William Thomson in his paper Sur une équation aux différences (Liouville, vol. 12, p. 493) and by Kirchhoff in his paper on the vibrations of an elastic disc, after Gauss had applied a similar method earlier to a problem that can be considered as a special case of the latter problem (Allgemeine Lehrsâtze, Art. 29-34). I have named this method after Dirichlet because Professor Dirichlet informed me that he has been using the method in his lectures <since the beginning of the 1840's (if I'm not mistaken) [ founder of the Carl-Zeiss-Foundation at Jena, had an extensive correspondence with Harald Schütz, a student of mathematics and later a high school teacher, whom he had gotten to know while studying at Göttingen. At Easter 1861 Schütz went from the University of Göttingen to the University of Berlin, and from then on the two friends used to report on the lectures at the two universities, often exchanging their notes. In a letter dated May 6,  Concerning your wish regarding the Riemannian elliptic functions, I don't believe that you can expect any help from here. During these 14 days Riemann did not say a word about elliptic functions: absolutely nothing directly concerning this subject. Rather, he is still dealing with quite general theories, and it will probably be a long time before he comes to the elliptic functions. Until now he has taught the theory of functions of complex variables, -the geometrical representation of these functions, -the operations on them, -the integration through complex values, -the expansion in series and the conditions of their convergence. -All this pertains to the peculiar way in which he will afterwards develop the theory of elliptic and Abelian functions (as special applications of the general theory). On the other hand, if Weierstrass referred you to Gudermann, it follows that he bases himself in his lectures on Jacobi's method of treating elliptic functions, which starts from quite different foundations. Besides, I believe, if Weierstrass really presupposes a complete knowledge of this theory, that you will not have much advantage from his course, and that you will do better by first learning this theory for yourself at leisure, either privatim or by waiting for a more suitable course of lectures. -If you want to do this, I shall send you my Briot and Bouquet, although in this book the subjects are presented in the manner of Cauchy (whom Riemann too follows), but which will probably be useful to you. (I don't need it, because here several others possess it too, so that I can have it from them if I should need it).
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